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1. INTRODUCTION 
The functional equation 
u(c) = m>[cz + v2 + u(c + ~Kv)], u(0) = 0, (1) 
where - cg < c < 00 and K is a constant, possesses the solution 
U(C) = uc2, (2) 
where a is a readily determined constant. The question of whether or not 
this is the only solution within an appropriate function class leads to some 
interesting questions, as we shall see below. For the connection between (1) 
and multistage control processes of discrete type, see [I]. 
2. DERIVATION OF EQUATION INVOLVING ITERATES 
Let us ask for solutions which are strictly convex in c, i.e., u” > 0 for all c. 
Then the minimum value in (1.1) is assumed for a value of v satisfying the 
relation 
2w + 2h’(c + 2ku) = 0. (1) 
For the function o(c) obtained in this way, we have 
u’(c) = 2c + u’(c + 2h) + [2v + 2ku’(c + 2ko)] v, 
= 2c + u’(c + 24. (2) 
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Using the relations in (1) and (2), we have 
u’(c) = 2c - $ ) 
w = 2kc - Ku’(c), 
2kv = 4k2c - 2k%‘(c), 
whence, using (2) again, 
u’(c) = 2c + u’[c(l + 4kz) - 2k%‘(c)]. 
Introducing the function 
f(c) = w, 
we see that f satisfies the equation 
f(c) = 2c + f [c(l + 4k2) - 2k2f(c)]. 
(3) 
(4) 
(5) 
(6) 
3. UNIQUENESS 
Let us now show that (2.6) p ossesses a solution unique in the class of 
functions possessing a Taylor series convergent for 1 c / < co, such that 
f (0) = 0, f ‘(0) > 0. From (2.6) we have 
f’(c) = 2 + [(l + 4k2) - 2k2f’(c)] f ‘[c(l + 4k2) - 2k2f(c)]. (1) 
Hence, 
f ‘(0) = 2 + [(l + 4k2) - 2k2f’(O)] f ‘(0). (1) 
Set f ‘(0) = Y; th en Y is determined by the quadratic equation 
Y = 2 + Y[(I + 4k2) - 2k2r], (2) 
possessing a unique positive root for any k > 0. 
Next, let us consider the determination of f(“)(O), n > 2. We have, dif- 
ferentiating repeatedly, 
f’“‘(c) = [- 2k2f(“)(c)] f ‘[c(l + 4k2) - 2k2f(c)] 
+ [(1 + 4k2) - 2k2f’(c)] f @)[c(l + 4k2) - 2k:f(c)] (3) 
. . . + , 
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where the dots signify lower order derivatives. The equation forf(“)(O), thus, 
has the form 
f’“‘(O) [I + 2k2r - (1 + 4k2) + 2k2r] = [...I. (4) 
Let us show that the coefficient is nonzero for all k. The equation for 
f’(0) in (2) is 
(1 + 4k2) - 2k2r - + . (5) 
Hence, the coefficient off(“)(O) is 
2--r 
~ + 1 + 2k2r = ; + 2k2r > 0. 
Y  
(6) 
It now follows inductively that f(“)(O) = 0 for n > 2. Hence, (2.6) pos- 
sesses the solutionf(c) = YC. It also possesses a formal power series solution 
corresponding to the other root of the quadratic in (3.2). 
4. QUADRATIC NATURE OF u 
It is interesting to note that uniqueness of the solution of (1) yields its 
analytic form. We have, for Y  > 0, 
u(uc) = mjn[r2c2 + 7~~ + U(rc + 2Kv)] 
= m;fn[r2c2 + r2v2 + u(rc + 2km)], 
since v is a dummy variable. Hence, 
44 - = min c2 + v2 + [ 
U(YC + 2kY7g 
r2 v I Y2 - 
(1) 
(2) 
Since U(YC)/Y” is strictly convex and possesses a convergent power series in a 
neighborhood of c = 0 if U(C) has these properties, uniqueness asserts that 
u(Tc) 
r2 
= u(c). 
Hence, setting c = 1, 
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5. DISCUSSION 
The discussion of the uniqueness of solution of the more general functional 
equation 
244 = n$-W, 4 + WC, 41> (1) 
appears to pose some difficulties. For the way in which these more complex 
functional equations arise, see [2]. 
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